In this paper we prove the ±-main conjecture formulated by Kobayashi for elliptic curves with good supersingular reduction at p such that a p = 0, using a completely new idea of reducing it to another Iwasawa-Greenberg main conjecture which is more accessible. We also prove as a corollary the refined BSD formula in the supersingular case when the analytic rank is 0. The argument uses in an essential way the recent study on explicit reciprocity law for Beilinson-Flach elements by Kings-Loeffler-Zerbes. (This work is in progress and hopefully will appear soon).
Introduction
Let p be an odd prime. Iwasawa theory studies relations of special values of L-functions and arithmetic objects such as class numbers of number fields or more generally p-adic Selmer groups. The central problem for this study is the Iwasawa main conjecture, which roughly speaking, says that the size (or more precisely the characteristic ideal) of certain module parameterizing the p-adic families of Selmer groups is generated by the so called p-adic L-function, which interpolates p-adic families of the algebraic parts of the corresponding special L-values. Iwasawa main conjecture is a useful tool in proving the refined Birch-Swinnerton-Dyer (BSD) formula for elliptic curves.
Earlier work on Iwasawa main conjecture includes the work of Mazur-Wiles [12] , Wiles [25] for p-adic families of Hecke characters of totally real fields using the Eisenstein congruence on GL 2 , Rubin [17] for characters for quadratic imaginary fields using Euler systems of elliptic units, the work of E.Urban [21] on symmetric square L functions, and the recent work of Kato [5] and Skinner-Urban [20] which proves the Iwasawa main conjecture for ordinary elliptic curves E/Q. We briefly recall the formulation of [20] . Let Q ∞ be the cyclotomic Z p extension of Q with the Galois group denoted as Γ Q . Write
There is a p-adic L-function L E interpolating the central critical values of the L-function for E. We define the Selmer group by
where T + E is a rank one submodule of T E stable under G v defined by Greenberg and the dual Selmer group X E being the Pontryagin dual of Sel E . The Iwasawa main conjecture states that the characteristic ideal of X E as a module over Λ Q is generated by L E . In fact Kato proves one divisibility by constructing an Euler system while Skinner-Urban ( [20] ) proves the other divisibility using Eisenstein congruences on the larger unitary group U (2, 2). Now let us return to the supersingular case. By Taniyama-Shimura conjecture proved by Wiles [26] and Breuil-Conrad-Diamond-Taylor [1] we know there is a normalized cuspidal eigenform f = ∞ n=1 a n q n associated to E. Suppose a p = 0. (This is automatically true if p ≥ 5). We remark that for the upper bound of Selmer groups Kato did not assume the elliptic curve is ordinary. For a supersingular elliptic curve E/Q, Kobayashi ( [9] ) reformulated Kato's result in terms of the ± p-adic L-functions L ± E and ±-Selmer groups (will recall in the text). The Iwasawa main conjecture for supersingular elliptic curves is Conjecture 1.1. The characteristic ideal of the ± dual Selmer group X ± E is generated by L ± E as ideals of Λ Q .
Here we define the characteristic ideal as follows Definition 1.2. Let A be a Noetherian normal domain and M a finitely generated A-module. Then the characteristic ideal char A (M ) of M is defined to be {x ∈ A|ord P (x) ≥ Length A P M P , for any height one prime P of A}.
If M is not A-torsion then we define it to be zero.
Before this work the only result for ±-main conjecture is due to ) for CM elliptic curves. However the proof in loc.cit does not generalize to all supersingular elliptic curves. It is also a natural attempt to adapt the argument of [20] to the supersingular case. To make this work we similarly take an auxiliary quadratic imaginary field K such that p splits as v 0v0 . We take an ι p : C ≃ C p such that v 0 is induced by ι p . However this turns out to be quite hard since the module of dual Selmer group is no longer torsion. Although Kobayashi constructed the so-called ±-Selmer groups which turn out to be torsion and formulated the ±-main conjecture, and B.D. Kim is able to make this construction to a two-variable (for Gal(K ∞ /K) ≃ Z 2 p ) context, however we do not see any ways to pick up the ±-part of the Selmer groups from Skinner-Urban's construction. There are also other difficulties. For example the cuspidal families constructed in U (2, 2) (as used by [20] ) will be rigid analytic varieties over only a small disc of the weight space around some classical point instead of the whole weight space (i.e. over the Iwasawa algebra).
After some unsuccessful tries, a different idea inspired by the study of Beilinson-Flach elements came into our consideration. There is another kind of main conjecture for Rankin-Selberg p-adic L-functions of a modular form f and a CM form g such that g has higher weight than f . No matter whether f is ordinary, this main conjecture is in a "Greenberg type" and is hopefully more accessible to proof. We call the main conjectures of B.D. Kim case one and the "Greenberg type" main conjectures case two. The key idea is, the Beilinson-Flach elements can be used to build a bridge between case one and case two. In fact the explicit reciprocity law enables us to reformulate the main conjectures in both cases in terms of Beilinson-Flach elements (very similar to the situation where Kato formulated the main conjectures in terms of Kato elements) and in fact the new formulations for the two cases are the same. This means we can reduce the proof of one case to the other one. Finally we succeeded in proving one divisibility of the main conjecture in case two ( [23] ). This finishes the proof of the lower bound for Selmer group in B.D. Kim's main conjecture. The conjecture of Kobayashi (one variable) follows from B.D. Kim's via an easy control theorem of Selmer groups. Our main result is Theorem 1.3. Suppose E has square-free conductor N , good supersingular reduction at p and a p = 0. Then the characteristic ideal of X ± E is generated by L ± E as ideals of Λ Q ⊗ Zp Q p . Suppose moreover there is one prime q of N such that E[p]| Gq is ramified, and that the image of G Q in Aut(T ) ≃ GL 2 (Z p ) contains SL 2 (Z p ), then the main conjecture is true as ideals of Λ.
The assumptions are put in [23] . The square-free conductor assumption is put only for simplicity (can be removed if we would like to do some technical triple product computations). The assumption for a p = 0 is made just for making the paper short and the same idea should work to prove the conjecture by F. Sprung [19] when a p = 0. We also remark that although we work with supersingular case, however, even in the ordinary case, with the same idea we can deduce new cases of the two variable main conjectures considered in [20] (there the global sign is assumed to be +1 while we no longer need this assumption). Finally in the two variable case the upper bound for Selmer group is still missing since there are some technical obstacles (about level raising) to construct the Beilinson-Flach element Euler system in our context. Luckily such upper bound in one variable case is already provided by the work of Kato and Kobayashi. In the text we will also prove the p-part of the refined BSD formula in the analytic rank 0 case as a corollary. Therefore our result combined with the results in [20] and [18] gives the full refined BSD formula up to powers of 2, for all semi-stable elliptic curves (when rank is 0). The two-variable main conjecture we prove can also be used to deduce the anti-cyclotomic main conjecture of DarmonIovita ( [2] ). We leave this to industrious reader.
In the argument we prove the result for the +-main conjecture since the −-main conjecture is equivalent. This paper is organized as follows: in section 2 we recall the precise formulation of the B.D. Kim's two variable main conjecture and the main conjecture proved in [23] . In section 3 we recall the work of D. Loeffler et al on Beilinson-Flach elements, especially the explicit reciprocity law. In secion 4 we put everything together and prove the main result using Poitou-Tate exact sequence. We also used Rubin's work on main conjecture for CM fields to treat the µ-invariant here.
Notations:
We let E be an elliptic curve over Q and let f be the weight two cuspidal normalized eigenform associated to it by the Shimura-Taniyama conjecture of conductor N . Let T be the Tate module of E and V = T ⊗ Zp Q p . Let α = √ −p. Then there are two eigenforms f α , f −α of level N p for U p -operator in the automorphic representation of f with eigenvalues α, −α. Let K be a quadratic imaginary field in which p splits as v 0 ·v 0 . We assume throughout that the class number of K is prime to p. This implies the decomposition group for v 0 orv 0 in Γ K is itself. This makes the notation easier. Moreover when proving the main conjecture before inverting p this assumption is crucial due to the corresponding assumptions in [17] and [16] . We fix once for all an isomorphism ι p : C ≃ C p and suppose v 0 is induced by ι p . Let K ∞ be the unique
. We sometimes write Γ for the Galois group of the cyclotomic Z p -extension of Q p and U the Galois group of the unramified Z p -extension of Q p . We fix topological generators γ and u of them. Let Γ n = Γ/p n Γ and U m = U/p m U . We also define Γ v 0 ≃ Z p for the Galois group of the maximal sub-extension K v 0 of K ∞ such thatv 0 is unramified and define Γv 0 similarly. Let γ v 0 and γv 0 for a topological generator. We identify
K and E being Ψ composed with the reciprocity map in class field theory (normalized by the geometric Frobenius). Define Λ * K for the Pontryagin dual of Λ K . We write Φ m (X) = p−1 i=1 X p m−1 i for the p m -th cyclotomic polynomial. Our α, β will be denoting any elements in the set {± √ −p}. Sometimes we will precisely indicate that α = √ −p, β = − √ −p. Fix a compatible system of roots of unity ζ p n such that ζ p p n = ζ p n−1 . For a character ω of Q × p we define a ε factor of it as in [11] : we define ε(ω) = 1 if it is unramified and
otherwise. Here λ is an additive character of Q p such that the kernel is Z p and λ(
For a primitive character of Γ/Γ n we also define the Gauss sum g(ω) := γ∈Γ/Γn ω(γ)ζ γ p n .
Acknowledgement We thank Christopher Skinner, Eric Urban, Henri Darmon, David Loeffler, Richard Taylor, Toby Gee, Ruochuan Liu and Wei Zhang for helpful communications.
The Two Variable Main Conjectures

The ±-Main Conjecture
We note that for any prime v above p the field K v is the composition of the maximal unramified Z p extension of Q p and the cyclotomic Z p -extension. So it is necessary to study the Galois cohomology of this composed extension. We have an isomorphism
(our definition is slightly different from [9] ). We recall some notions from [6] with some modifications. For k/Q p an unramified extension of degree d let O k be its integer ring, consider the field k(ζ p n+1 ) and let m k(ζ p n+1 ) be the maximal ideal of its valuation ring O k(ζ p n+1 ) . Let k n be the Z/p n Z extension of k(ζ p n+1 ) with m k,n the maximal ideal of its integer ring. We define
We also define the +-norm subgroup
where ϕ is the Frobenius on k and f z (x) := (x + z) p − z p . Then the following lemma is proved in [6] .
We also use the same notation c n,z for tr k(ζ p n )/k n−1 c n,z ∈ m k,n−1 as well. Suppose z is such that {z σ } σ∈Gal(k/Qp) is a basis of O k over Z p (it is well known that such z exists). Let k = k m be unramified Z/p m Z-extension of Q p . We sometimes write k m,n for the above defined k n with a m,j c n,ζ j . Then direct calculation tells us that this is well defined and the properties above are satisfied). It is easy to see that the logÊ c n,m is a O k,n -linear combination of (ζ p n − 1)'s. We note that if the coefficient for (
We also note d
n,m = d n−2,m . Now we define the two-variable +-Coleman maps
where
is made such that the following diagram is commutative.
As is seen in the proof of [6, Theorem 2.7, 2.8] the Col + m,n is an isomorphism and they group together to define an isomorphism
The +-Selmer group is defined by
and X + its Pontryagin dual. As noted at the end of [6] there are p-adic L-functions
for χ a character of Gal(K ∞ /K) and f χ its conductor and similarly for the other three. (Here the roles played by ± are switched from [6] and is compatible with [9] ). The log − v 0 and log − v 0 will be defined later. Now we record a useful lemma.
is a free of rank two module over Λ and H 1 (k n,m , T ) is a free rank two module over Λ n,m .
Proof. We first note that T /pT is an irreducible module over G Qp . Then it follows from the Euler characteristic formula that H 1 (Q p , T /pT ) is a rank two F p vector space. On the other hand one can prove that the inverse limit in the lemma has generic rank two over Λ (see e.g. in [14, appendix A] ). Thus the first statement is true. The other statement is seen by noting that
Conjecture 2.3. The two variable +-main conjecture states that the characteristic ideal of X + is generated by L ++ f,p as an ideal of Λ K . We also refer to the weak version of the above conjecture by requiring that for any height one prime P of Λ which is not a pullback of a height one prime of Z p [[U ]], the length of X + P over Λ P is equal to ord P L ++ p .
Now we define a big regulator map LOG + . By the freeness of H 1 (k n,m , T ) over Λ n,m we see that for any even n there is b n,m ∈ H 1 (k n,m , T ) such that ω 1 n (X) · b n,m = (−1) 
has Z p -torsion-free cokernel since each term is free Z p /p n ′ Z p -module of finite rank. So
This gives the generators for H
n+2 2 c n,m , for even n, at points φ ∈ SpecΛ n,m corresponding to finite order characters of Γ × U such that φ(γ), φ(u) are primitive p n and p m -th roots of unity, and ω − n (φ) = 0 then
We now define
The following proposition will be useful.
The One Variable Main Conjecture of Kobayashi
Now we briefly recall Kobayashi's one variable (cyclotomic) main conjecture. On the analytic side there is a + p-adic L-function L + E,Q which is just our L ++ E evaluated at γv 0 = 1. On the other hand we define the +-Selmer group 
A Greenberg-Type Main Conjecture
As mentioned in the introduction we have proved ( [23] ) an Iwasawa main conjecture for RankinSelberg p-adic L-function for f and a CM form g of weight higher than f . We first recall how the Selmer group in this case is defined. Definition 2.6.
On the other hand there is a corresponding p-adic L-function L 2 f,K ∈ FracΛ with the following interpolation property ([23, Section 4]). For a Zariski dense set of arithmetic points φ ∈ SpecΛ such that ξ φ := φ • Ψ is the avatar of a Hecke character of infinite type (
Here C is a constant inQ p , χ 1,p , χ 2,p is such that the unitary representation π f φ ≃ π(χ 1,p , χ 2,p ) with
We have the following Theorem 2.7. Assume E has square-free conductor N and there is at least one prime ℓ|N where K is non-split. Suppose moreover that E[p]| G K is absolutely irreducible. Then the characteristic ideal of X 2 K,f is contained in the fractional ideal generated by L 2 f,K as ideals of Λ ⊗ Zp Q p . We similarly have a weak version of this theorem by requiring the inequality for any height one prime P of Λ K which is not a pullback of a height one prime of Λ g instead of for all height one primes.
Beilinson-Flach Elements
Some Preliminaries
Let g be the Hida family of normalized CM forms attached to characters of Γ K . Then the coefficient ring of g is
. We write L g for the fraction ring of Λ g . As in [7] let M (f ) * (M (g) * ) be the part of the cohomology of the modular curves which is the Galois representation associated to f (g). The corresponding coefficients for M (f ) * and M (g) * is Q p and L g . (Note that the Hida family g is not quite a Hida family considered in loc.cit. It plays the role of a there). Note also that g is generically non-Eisenstein in the sense of [8] . We have M (g) * is a rank two L g vector space and, there is a short exact sequence of L g vector spaces with G Qp action:
g being rank one L g vector spaces such that the Galois action on F − g is unramified. Since g is a CM family with p splits in K, the above exact sequence in fact splits. The Galois module F − g corresponds to the local Hecke character at v 0 while F + g corresponding to the that at v 0 . (For an arithmetic specialization g φ of g the Galois representation M (f ) * ⊗ M (g φ ) * is the induced representation from G K to G Q of M (f ) * ⊗ ξ g φ . This identification will be used implicitly later. We also write
The transition map is given by co-restriction. For f let D dR (f ) be the Dieudonne module for M (f ) * and let η ∨ f be any basis of Fil 0 D dR (f ). Let ω ∨ f be a basis of
Yager modules
We follow [11] . Let K/F/Q p be a finite unramified extension. For
Let F ∞ /F be an unramified Z p -extension with Galois group U . Then the above map induces an isomorphism of Λ O F (U )-modules 
Beilinson-Flach elements
We first define
We write log ± v 0 for log ± p (Xv 0 ) and log p ) (see [11] ). This comes together with a norm on it: ∞ n=0 a n X n has norm max{p 
Here κ is a Λ g -valued character defined in loc.cit so that F + g (1 − κ) is unramified. We take basis of F ± g with respect to which ω g and η g are ρ(d) ∨ and ρ(d) (see the discussion for Yager Modules). We use this basis to give Λ g -integral structure for M (g) * . Let
be the regulator map defined in [11, Theorem 4.7] . 
Then by Proposition 3.1 in the following, we have 
. It follows from the fact that the Galois cohomology image of Beilinson-Flach element is geometric that the BF + maps to
With the integral structure just mentioned we can talk about specializing BF + to arithmetic points φ, provided we remove the set of φ's in a lower dimensional subspace (the zeroes of the denominator for BF + with respect to the basis). The following propositions are proved in [7] . In the following we define φ in a generic set of arithmetic points corresponding to a finite order character of Γ K to mean all such φ outside a proper closed sub-scheme of SpecΛ.
Proposition 3.1. For some H 0 ∈Q × p and φ in a generic set of arithmetic points corresponding to a primitive character of Γ n × U m (as local Galois group atv 0 ), for any α, β ∈ {± √ −p},
Here Pr β and η ∨ f,β denote projecting to the β-eigenspace of D dR (f ), exp * is the Bloch-Kato dual exponential map. The χ φ means composing Ψ with φ. By class field theory the χ φ can be considered as a character of Q × p . For the Pr F + g , we recall that M (g) * is split as the direct sum of F + g and F − g as Galois modules which are rank one vector spaces over L g . So if we exclude the set of φ's in a lower dimensional space it makes sense to talk about projection to (F ± g ⊗Ẑ ur p ) G Qp components at φ.
Proof. It follows from the explicit reciprocity law of [7] together with the interpolation property of the big regulator map (note that in loc.cit the formula is proved at some other dense set of points than the φ's considered here).
The proposition has the following corollary using Proposition 2.4 and the discussion before it.
Corollary 3.2. For some 0 = H 1 ∈ FracΛ g we have
Proof. First recall that ω ∨ g is the ρ(d) ∨ under the basis we have chosen. If we take H 1 to be
times some element inQ × p (recall η ∨ f is defined up to a scalar). Then the corollary follows.
There is a non-zero element 0 = H 2 ∈ Λ g , such that for φ in a generic set of arithmetic points corresponding to a primitive character of Γ n × U m (as Galois group at v 0 ) with n an even number and for α ∈ {± √ −p},
Here log is the Bloch-Kato logarithm map.
Remark 3.4. In [23] we used the Σ-primitive p-adic L-function which is in Λ for Σ a finite set of primes. The original p-adic L-function is obtained by putting back the Euler factors at Σ. We only know a priory it is in the fraction field of Λ. There is another construction of this p-adic L-function
Urban [22] using Rankin-Selberg method which is the one used in [7] . However the period there is the Petersson inner product of the normalized eigenform in g instead of the CM period. The ratio of these periods is given by a Katz p-adic L-function L Katz K ∈ Λ g which interpolates algebraic part of special L-values L(0, χ φ χ −c φ ) where χ φ is the CM character corresponding to the form g φ (see [4] ). So this ratio is the H 2 we take above.
Corollary 3.5. For some 0 = H 3 ∈ FracΛ g we have
In fact under stronger assumptions we can prove the strong version of Conjecture 2.3 by applying Rubin's work on the main conjecture for K. Briefly speaking the reason for doing this is the period considered when studying Beilinson-Flach elements involves the congruence module (this is not very precise since the local Hecke algebra is not Gorenstein for g) while the period considered in [23] is the CM period. We first study the Eisenstein components of the modular curve cohomology. Let T be the reduced Hecke algebra for the space of ordinary cuspidal forms with tame level group Γ 0 (D K ) and nebentypus χ K and T mg the localization at the maximal ideal of g. Then the family g is a component of it. We write the non-CM component T N CM for the quotient of T mg corresponding to T with the component g deleted (note that by our assumption p ∤ Cl(K) there are no CM forms corresponding to K congruent to g modulo p with the same level). Let C CM ⊂ T N CM be the congruence ideal generated by {t − t g } t 's for t running over all Hecke operators at primes not dividing D K (including the U p operator) and t g is the Hecke eigenvalue for t on g. Then the map Λ g → T N CM /C CM is surjective. We let I CM be the kernel of this map.
Proof. We note that each irreducible component B of T N CM the Galois representation ρ B : G Q → GL 2 (Frac(B)) has irreducible restriction to G K . This is because there exists classical specialization at that component which is not a CM form with respect to K. Let
where χ g denotes the family of CM character corresponding to the family of CM form g. The Selmer condition "f " is defined by restricting trivially to H 1 (I v , −) at primes v = v 0 . Then the "lattice construction" (see [20, Chapter 4] , and see [24] for the construction in the situation here) gives that for any height one prime P of Λ g ,
On the other hand, Rubin [17] proved that under assumption
is the corresponding Katz p-adic L-function of loc.cit ). In fact Rubin proved a two-variable main conjecture and we easily have that the two variable dual Selmer group specializes exactly to the one variable anticyclotomic dual Selmer group here. These together imply the proposition. Now we recall some notations in [13] .
Recall we defined basis of F ± g using ω ∨ g and η ∨ g which we still denote as ω ∨ g and η ∨ g . We see that ω ∨ g is in A * ∞ and
We also write c · ω ∨ g for the image in B * ∞ . Then we have the following
as Hecke modules under which η ∨ g maps to the normalized eigenform g. We just need to prove that for any
where 1 g is the non-integral Hecke operator which cuts off the g-part of any Hida family (See [20, 12.2] for details. Note also that g is generically non-Eisentein). This follows from that L Katz K ∈ char(Λ g /I CM ). Now we are ready to prove our theorem. Theorem 4.5. For any height one prime P of Λ K such that P = (p), we have
Proof. Completely the same as the proof of Theorem 4.2 except that we also take Lemma 4.4 into consideration (see Remark 3.4 for where L Katz K plays a role).
To take care of the height one prime (p) we use the following proposition of Pollack-Weston. Proposition 4.6. Suppose N is square-free, p ∤ Cl(K), a p = 0. Suppose moreover that any prime divisor of N either splits in K or is inert. Assume for any such inert prime q we haveρ| Gq is ramified and there are odd number of such inert primes. Then
Proof. By [16] the anticyclotomic µ-invariant for the specialization of L ++ f,p to anticyclotomic line is 0. Note that our assumption p ∤ Cl(K) implies the assumption put in loc.cit that the anticyclotomic Z p extension is totally ramified at p.
We conclude that under the assumption of Theorem 4.5 and Proposition 4.6 the full one-side divisibility for Conjecture 2.3 is true.
Kobayashi's Main Conjecture
Now we prove a control theorem for Selmer groups and deduce Kobayashi's one-variable main conjecture from the two variable one (note that any pullback of a height one prime of Λ g specializes under γv 0 − 1 to an ideal generated by some element ofQ × p , thus the weak version of Conjecture 2.3 is enough to prove Kobayashi's conjecture after inverting p). Proposition 4.7. Let P be the prime of Λ K∞ generated by γ
Proof. This theorem is proved in the same way as [9, Theorem 9.3] . One first proves thatÊ(m m,n ) has no p-power torsion points as in [9, Proposition 8.7] . This implies that
is surjective. Then the control theorem follows in the same way as Proposition 9.2 of loc.cit.
This implies the cyclotomic main conjecture over K. To prove the main Theorem in the introduction (main conjecture over Q), we just need to choose the auxiliary K. For the statement before inverting p, we take K such that p ∤ Cl(K), and all prime divisors of N except q are split in K while q is inert. Such K is well known to exist. For the statement after inverting p the choice is even easier. This main conjecture over K together with one divisibility over Q proved in [9] gives the proof of the main Theorem. Finally we prove the following refined BSD formula. Proof. This is proved as in [3, Theorem 4.1], replacing the argument for the prime p by [9, Proposition 9.2] for L + E,Q . We use the interpolation formula [9, (3.6) ]. Note also the fact that the Iwasawa module of dual Selmer group has no non-trivial subgroup of finite cardinality is also deduced within the proof of [3, Theorem 4.1] and can be obtained in the same way in our situation.
